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FUNCTIONAL INEQUALITIES ON SIMPLE EDGE SPACES
DIMITRIOS OIKONOMOPOULOS
Abstract. In this paper we are focusing on functional inequalities on
compact simple edge spaces. More precisely we address the question
whether the classical functional inequalities (Sobolev, Poincare´) hold in
this setting, and as a by-product of our methods we obtain an optimality
result concerning the B−constant of the Sobolev inequality.
1. Introduction
Stratified spaces constitute an important part of singular spaces. Infor-
mally speaking, a stratified space is a topological space that can be parti-
tioned into smooth manifolds (strata) of different dimension. Although this
statement is far from complete, it is a guiding principle behind the idea of
stratified spaces. The study of these spaces was initiated by Whitney [24],
Thom [23] and Mather [17] among others. Later, Goresky, MacPherson
and Cheeger studied the intersection homology and L2-cohomology of these
spaces ([11] and [7]). It was Cheeger with his seminal paper [6] that initi-
ated the study of these spaces from an analytical point of view, and more
precisely the properties of the Laplace operator on manifolds with conical
singularities. The program of laying the analytic foundations of these spaces
was taken up since, and still is a very active area of research.
An important role for the study of analytical questions is played by
Sobolev spaces and their properties. In the case of compact stratified pseu-
domanifolds equipped with an iterated edge metric, Sobolev spaces have
been studied as objects that describe domains of elliptic operators ([14], [2],
[10],[16] among others) and as means to solving other problems (for example
[1], [8]) among other research directions.
In this paper we are focusing on Sobolev spaces on compact simple edge
spaces, namely stratified spaces of depth 1, equipped with an iterated edge
metric. We address the question whether functional inequalities hold in this
case. More precisely our aim is twofold. At first we prove the following
Theorem 1.1. Let X be a compact stratified pseudomanifold of dimension
m, endowed with an iterated edge metric on reg(X) and let k = 1 or k = 2.
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Suppose that for every singular stratum Y of X we have the condition
codim(Y ) = m− i > kp, where i = dim(Y ).
Then for k = 1, 2, if depth(X) = 1, or the strata Y with depth(Y ) > 1
satisfy Assumption 3.1, then X admits a sequence of (k, p)−cut-offs.
This result generalises the result obtained in [4] to second order cut-offs,
and it is used as a step to prove a density theorem about Sobolev spaces,
as well as it is used to provide estimates for the optimal B-constant in the
Sobolev inequality.
After proving this result, we restrict our attention to functional inequal-
ities on compact simple edge spaces. The reason for doing so, is that the
neighborhood of a singular stratum Y can be partitioned into locally Eu-
clidean neighborhoods. This, together with a Hardy inequality allow us to
obtain the Sobolev inequality for p ∈ [1,m), with m = dim(X), i.e. there
exists A,B > 0, such that for every u ∈W 1,p0 (X) we have
(Ip) ‖u‖ mp
m−p
≤ A(
∫
X
|∇u|pdv)1/p +B(
∫
X
|u|pdv)1/p,
where p∗ = mpm−p .
Apart from the Sobolev inequality, we prove the validity of the Rellich
embedding, which states that for X compact simple edge space of dimension
m > 1, with p, q that satisfy 1 ≤ p < m, p 6= m− dim(Y ) for every singular
stratum Y of X and q < p∗, the embedding
W 1,p0 (X) →֒ L
q(X)
is compact. Rellich embedding implies Poincare´ inequality, i.e. for p satisfy-
ing the above condition and also p satisfying the condition p < m− dim(Y )
for every singular stratum Y of X, we obtain a C > 0 such that for every
u ∈W 1,p0 (X) we have
‖u− uX‖p ≤ C‖∇u‖p,
where uX =
1
vol(X)
∫
X u(x)dv(x). Combining this with the Sobolev inequal-
ity, ones obtains a Sobolev-Poincare´ inequality, i.e. for u ∈ W 1,p0 (X), we
have
‖u− uX‖p∗ ≤ C‖∇u‖p.
Finally, all these constructions and chain of inequalities lead to the main
theorem, namely:
Theorem 1.2. Let X be a connected, compact simple edge space of dimen-
sion m > 1. Then if 1 ≤ p < m − dim(Y ) for every singular stratum Y of
X, there exists A > 0 such that
(Ip,Bopt) ‖u‖p∗ ≤ A(
∫
X
|∇u|pdv)1/p + vol(X)−
1
m (
∫
X
|u|pdv)1/p.
FUNCTIONAL INEQUALITIES ON SIMPLE EDGE SPACES 3
Moreover, the constant vol(X)−
1
m is optimal, in the sense that if there exists
a B > 0 such that (Ip) holds with B, then B ≥ vol(X)
− 1
m .
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2. Preliminaries
In this section we describe the class of singular spaces we are working
with, and state some preliminary facts.
Definition 2.1. A stratified space X is a metrizable, locally compact, sec-
ond countable space which admits a locally finite decomposition into a union
of locally closed strata G = {Yα}, where each Yα is a smooth, open, con-
nected manifold, with dimension depending on the index α. We assume the
following:
• If Yα, Yβ ∈ G and Yα ∩ Yβ 6= ∅, then Yα ⊆ Yβ.
• Each stratum Y is endowed with a set of ’control data’ TY , πY and
ρY ; here TY is a neighborhood of Y in X which retracts onto Y ,
πY : TY → Y is a fixed continuous retraction and ρY : TY → [0, 2)
is a ’radial function’ in this tubular neighborhood such that ρ−1Y (0) =
Y . Furthermore, we require that if Z ∈ G and Z ∩ TY 6= ∅, then
(πY , ρY ) : TY ∩ Z → Y × [0, 2), is a proper smooth submersion.
• If W,Y,Z ∈ G and if p ∈ TY ∩ TZ ∩W and πZ(p) ∈ TY ∩ Z, then
πY (πZ(p)) = πY (p) and ρY (πZ(p)) = ρY (p).
• If Y,Z ∈ G, then Y ∩ Z 6= ∅ ⇔ TY ∩ Z 6= ∅, TY ∩ TZ 6= ∅ ⇔ Y ⊆
Z, Y = Z or Z ⊆ Y .
• For each Y ∈ G, the restriction πY : TY → Y is a locally trivial
fibration with fiber the cone C(LY ) over some other stratified space
LY (called the link over Y ), with atlas UY = {(φ,U)} where each φ
is a trivialization π−1Y (U)→ U ×C(LY ) and the transition functions
are stratified isomorphisms of C(LY ) which preserve the rays of each
conic fibre as well as the radial variable ρY itself, hence are suspen-
sions of isomorphisms of each link LY which vary smoothly with the
variable y ∈ U .
If in addition we let Xj be the union of all strata of dimensions less than or
equal to j, and require that
X = Xm ⊇ Xm−1 = Xm−2 ⊇ Xm−3 ⊇ · · · ⊇ X0
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and X \Xm−2 is dense in X, then we say that X is a stratified pseudoman-
ifold of dimension m.
The depth of a stratum Y is the largest integer k such that there is a chain
of pairwise distinct strata Y = Yk, . . . , Y0 with Yj ⊆ Yj−1 for 1 ≤ j ≤ k. A
stratum of maximal depth is always a closed manifold. The maximal depth
of any stratum in X is called the depth of X as a stratified space. We refer
to the dense open stratum of a stratified pseudomanifold X as its regular
set, and the union of all other strata as the singular set,
reg(X) := X \ sing(X) where sing(X) =
⋃
Y ∈G, depth Y >0
Y.
If X and X ′ are two stratified spaces, a stratified isomorphism between
them is a homeomorphism F : X → X ′ which carries the open strata of
X to the open strata of X ′ diffeomorphically and such that π′F (Y ) ◦ F =
F ◦ πY , ρ
′
Y = ρF (Y ) ◦ F for all Y ∈ G(X).
In the rest of this paper we will restrict our attention to compact stratified
pseudomanifolds, which we will always denote byX, unless otherwise stated.
Remark 2.1. An implication of the notion of depth, is that a stratum Y
has depth k if on the decomposition VY × reg(C(LY )), LY has depth k − 1.
For example, in the case of simple edge spaces, LY is always going to be a
compact manifold.
Definition 2.2. Let X be a stratified pseudomanifold and let g be a Rie-
mannian metric on reg(X). If depth(X) = 0, that is X is a smooth man-
ifold, an iterated edge metric is understood to be any smooth Riemannian
metric on X. Suppose now that depth(X) = k and that the definition of
iterated edge metric is given in the case depth(X) ≤ k − 1; then, we call a
smooth Riemannian metric g on reg(X) an iterated edge metric if it satisfies
the following properties:
• Let Y be a stratum of X such that Y ⊆ Xi \Xi−1. For each q ∈ Y ,
there exists an open neighborhood VY of q in Y such that
φ : π−1Y (VY )→ VY × C(LY )
is a stratified isomorphism. In particular,
φ : π−1Y (VY ) ∩ reg(X)→ VY × reg(C(LY ))
is a smooth diffeomorphism. Then, for each q ∈ Y , there exists one
of these trivializations (φ, VY ) such that g restricted on π
−1
Y (VY ) ∩
reg(X) satisfies
(φ−1)∗
(
g|
pi
−1
Y
(VY )∩reg(X)
)
= dr2 + hVY + r
2gLY + k = g0 + k,
where hVY is the restriction on VY of a Riemannian metric hY de-
fined on Y . gLY is a smooth family of bilinear tensors parametrized
by y ∈ Y , that restricts to an iterated edge metric on reg(LY ), and
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k is a (0, 2)−tensor satisfying |k|g0 = O(r
γ) for some γ > 0, where
| · |g0 is the Frobenious norm.
Remark 2.2. The condition that |g− g0|g0 = O(r
γ) for some γ > 0 implies
that g and g0 are quasi-isometric. That is very helpful in a variety of situ-
ations, because g0 is easier to handle. For example, they produce equivalent
gradient norms, i.e. ∃ C > 0 such that 1/C|∇gu| ≤ |∇g0u| ≤ C|∇gu|.
After introducing our setting, we recall some basic facts and definitions
about Sobolev spaces on manifolds. Let (M,g) be a manifold with metric g.
We say that f is equivalent to g (f ∼ g), if and only if f(x) = g(x) almost
everywhere with respect to the measure µ coming from the Riemannian
structure. Then for p ∈ [1,∞), we denote by Lp(M) = Lp the space of the
equivalence classes of measurable functions f : M → C, such that
‖f‖Lp =
( ∫
M
|f |pdvolg
) 1
p <∞.
For p = ∞, we define L∞(M) as the space of the equivalence classes of
measurable functions f :M → C, such that
‖f‖L∞ = ess sup
M
|f(x)| <∞.
For p ∈ (1,∞), Lp is a reflexive Banach space, and for p = 2, L2(M) is a
Hilbert space with inner product
〈f, g〉 =
∫
M
fgdvolg.
For k ∈ N and p ∈ [1,∞) we define
W k,p(M) =
{
u :M → C : ∃ ∇iu distributionally,
and ∇iu ∈ Lp(M,T ∗M⊗i) for i = 0, 1, . . . , k
}
with norm
‖u‖W k,p =
( k∑
i=0
∫
M
|∇iu|p
T ∗M⊗i
dvolg
) 1
p .
where ∇ is the Levi-Civita connection induced from g. By adopting the
Einstein summation, in local coordinates we have that
|∇iu|p
T ∗M⊗i
:=
(
gT ∗M⊗i(∇
iu,∇iu)
) p
2 =
(
gµ1ν1 . . . gµiνi(∇iu)µ1...µi(∇
iu)ν1...νi
) p
2 .
For example, (∇u)µ =
∂u
∂µ and (∇
2u)µν =
∂2u
∂µ∂ν−Γ
k
µν
∂u
∂k . Moreover, we define
W k,p0 (M) = C
∞
c (M)
‖.‖
Wk,p ,
i.e., the completion of smooth, compactly supported functions on M with
respect to the norm ‖.‖W k,p . Concerning the Sobolev space W
k,p(M), we
have the following Meyers-Serrin type theorem
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Proposition 2.1. Let (M,g) be a manifold and let W k,p(M) be defined as
above. Then the space W k,p(M)∩C∞(M) is dense in W k,p(M) with respect
to the norm ‖ · ‖W k,p.
Proof. See Theorem 2.9 in [13]. 
3. Construction of Cut-Off Functions
Now let X be a compact stratified pseudomanifold of arbitrary depth.
In this section we show how to obtain for this space sequences of cut-off
functions. We begin by giving a precise
Definition 3.1. Let (M,g) be a manifold, p ∈ [1,∞) and k ∈ N and let
{χn} ⊆ C
∞
c (M). We call {χn} a sequence of (k, p)−cut-offs if the following
properties hold:
• ∀n ∈ N we have 0 ≤ χn ≤ 1.
• For every K ⊆ M compact, ∃ n0 ∈ N such that, ∀n ≥ n0 we have
χn|K = 1.
• ∀j = 1, . . . , k :
∫
M |∇
jχn|
p
T⊗jM
dµg → 0, as n→∞.
Here we will prove the existence of (k, p)−cut-off functions on stratified
pseudomanifolds for k = 1 and k = 2 under some assumptions on p and
the iterated edge metric g of reg(X). But, before doing so, we need some
preliminary lemma’s.
Lemma 3.1. Let X be a stratified pseudomanifold of dimension m, with
an iterated edge metric g0, that near each singular stratum Y , under the
trivialisation φ as in Definition 2.2, takes the form
g0 = hVY + dr
2 + r2gLY
where gLY is a tensor parametrized by y ∈ Y such that for each y ∈ Y
it restricts on an iterated edge metric gLY (y) on LY . Then the Christoffel
symbols Γkij in coordinates r, y, z take the form
• For k = r.
Γrrr = 0, Γ
r
ry = 0, Γ
r
rz = 0,
Γryy′ = 0, Γ
r
yz = 0, Γ
r
zz′ = −rgL,zz′.
• For k = z.
Γzrr = 0, Γ
z
ry = 0, Γ
z
rz′ =
δz
z′
r ,
Γzyy′ = 0, Γ
z
yz′ =
1
2
∑
z˜(∂ygz′z˜g
zz˜), Γzz˜z′ = Γ
z
z˜z′(gL).
• For k = y
Γyrr = 0, Γ
y
ry′ = 0, Γ
y
rz = 0,
Γyy˜y′ = Γ
y
y˜y′(hVY ), Γ
y
y′z = 0, Γ
y
zz′ = −
1
2
∑
y′(∂y′gzz′)h
y′y.
Proof. The metric g0 in a local neighborhood of a singular stratum Y is
g0 = dr
2 + hVY + r
2gLY (y). Then the proposition is obtained by using the
formula Γkij =
1
2
∑
l(∂iglj + ∂jgli − ∂lgij)g
kl. 
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We will also need the following lemma:
Lemma 3.2. Let X and g0 as before and let u : reg(X) → R, that near a
singular stratum Y in local coordinates r, y, z, is a function of either r, y
or z. Then the norm of the second order covariant derivative of u, namely
|∇2u|T ∗⊗T ∗ takes the form
• If u = u(r), then
|∇2u|2 = |∂2ru|
2 +m
|∂ru|
2
r2
.
• If u = u(z), then
|∇2u|2 =
|(∇L)2u|2
r4
+ 2
|∇Lu|2
r4
+ 2
∑
z,z′,y,y′
gzz
′
hyy
′[1
2
∑
z1,z˜
(∂ygz1z)g
z˜z1 ∂u
∂z˜
][1
2
∑
z2,z˜′
∂y′(gz′z2)g
z˜′z2 ∂u
∂z˜′
]
.
• If u = u(y), then
|∇2u|2 = |(∇Y )2u|2
+
∑
z,z˜,z′,z˜′
gzz˜gz
′z˜′
[∑
y,y˜
(∂y˜gzz′)h
y˜y ∂u
∂y
][∑
y′,y˜′
(∂y˜′gz˜z˜′)h
y˜′y′ ∂u
∂y′
]
.
Proof. The proof makes use of the formula
|∇2u|2 =
∑
i,j,k,l
gikgjl(
∂2u
∂xi∂xj
−
∑
c
Γcij
∂u
∂xc
)(
∂2u
∂xk∂xl
−
∑
d
Γdkl
∂u
∂xd
)(1)
where (x1, . . . , xm) are local coordinates. Now, by using the fact that the
metric g0 is the direct sum of a warped product metric and another metric,
we see that terms of the form gij where either i = r, j ∈ {y1, . . . , ydimY },
either i = r, j ∈ {z1, . . . , zdimL} or i ∈ {y1, . . . , ydimY }, j ∈ {z1, . . . , zdimL}
are cancelled. That allow us to consider only the cases when i, k ∈ {r, y, z}
and j, l ∈ {r, y, z}, which due to symmetry are only 6 cases. Then the proof
consists of distinguishing the cases u = u(r), u(z), u(y) and using Lemma
3.1 on the formula (1). 
The reason for employing Lemma 3.2 is that some constructions in this
subsection will be of product type near the singular area and we would like
to know how the first and second order covariant derivative behaves. A first
application of this consideration allow us to obtain
Proposition 3.1. Let X be a stratified pseudomanifold with metric g0 and
{Uα}α∈A an open cover. Then, there exists a subordinated partition of unity
ρα such that
• supp(ρα)⊆ Uα.
•
∑
α ρα = 1.
• ∃ Cα > 0 such that for each α ∈ A: |∇ρα|, |∇
2ρα| ≤ Cα.
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Proof. See Proposition 2.2.1 in [20]. 
We have seen that on a local neighborhood of a singular stratum Y , where
the metric takes the form g0 = hY +dr
2+r2gL(y), an important role is played
by the y−derivatives of the metric gL,y. For this reason it is reasonable to
form the following assumption, which we will state precisely when we use it:
Assumption 3.1. Let X be a stratified pseudomanifold of dimension m.
Let g be an iterated edge metric, that near each singular stratum Y takes
the form g = g0 + k with |k|g0 , |∇
g(k)|g0 = O(r
γ) for some γ > 0, and that
g0 = hY +dr
2+ r2gLY with gLY : Y ×LY → T
∗LY ⊗T
∗LY a smooth tensor.
Then we assume that
gLY is independent of y ∈ Y.
With this assumption we obtain that gLY is constant along y ∈ Y and
therefore each y−derivative vanishes. The assumption |∇(k)|g0 = O(r
γ)
gives the equivalence of the second order Sobolev space defined by g and g0
(see Lemma 3.4 in [21]). Therefore, when we consider the metric g instead
of g0, Lemma 3.2 is true up to a constant and Proposition 3.1 is true as it
is. Now we are able to state the first main result of this section.
Theorem 3.1. Let X be a compact stratified pseudomanifold of dimension
m, endowed with an iterated edge metric on reg(X) and let k = 1 or k = 2.
Suppose that for every singular stratum Y of X we have the condition
codim(Y ) = m− i > kp, where i = dim(Y ).(2)
Then for k = 1, 2, if depth(X) = 1, or the strata Y with depth(Y ) > 1
satisfy Assumption 3.1, X admits a sequence of (k, p)−cut-offs.
Remark 3.1. This theorem for k = 1 is Theorem 3.4 in [4]. Here we will
repeat and expand their argument, in order to cover also the case k = 2.
Before giving the proof of this theorem, we state and prove the following
proposition, which is fundamental for our construction.
Proposition 3.2. Let p ∈ [1,∞), k ∈ N and m− i > kp for some integers
m > i ≥ 0. Then, there exists a sequence of functions {gn} ⊆ C
∞
c
(
(0, 2]
)
,
n ∈ N with the following properties
• ∀n ∈ N we have 0 ≤ gn ≤ 1.
• For every K ⊂⊂ (0, 2], ∃ n0 ∈ N such that ∀n ≥ n0 we have gn|K =
1.
• For 1 ≤ j ≤ k we have that
∫ 2
0 |g
(j)
n (r)|prm−i−1dr → 0, as n→∞.
Proof. Let φ ∈ C∞c
(
(0, 2]
)
such that 0 ≤ φ ≤ 1, φ(r) = 0 for 0 ≤ r ≤ 1
and φ(r) = 1 for 3/2 ≤ r ≤ 2. Then for n ∈ N define gn : (0, 2] → R by
gn(r) = φ(nr). It is straightforward to verify the first two properties. For
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1 ≤ j ≤ k we have
∫ 2
0
|g(j)n (r)|
prm−i−1dr =
∫ 2
0
|φ(j)(nr)|pnjprm−i−1dr
≤ Cj
∫ 3/2n
1/n
njprm−i−1dr
≤
Cj
m− i
((3
2
)m−i
− 1
)
njp
( 1
n
)m−i
.
Since m− i > kp ≥ jp, this converges to 0 as n→∞.

Now we can give the proof of the theorem
Proof. The proof goes by induction on the depth of the stratified pseu-
domanifold X and a partition of unity argument. Let X be a stratified
pseudomanifold of depth l ∈ N and dimension m, Y a singular stratum of
dimension i and p ∈ Y . Then by definition, there exists U ⊆ X, VY ⊆ Y
and an isometry
φ : U → VY × C(LY ),
where C(LY ) is the cone over a stratified pseudomanifold LY , with depth
≤ l − 1. The variables in VY × C(LY ) are y, r, z respectively.
• If depth(X) = 1, LY has depth 0 and it is a compact manifold with-
out boundary. Then trivially, bn(y, r, z) = bn(z) = 1 is a (k, p)−cut-
off for LY . We then define gn(y, r, z) = gn(r) and set χn = gnbn.
It is easy to see that {χn} is a (k, p)−cut-off in the neighborhood
VY × C(LY ). So the theorem, after gluing with a suitable partition
of unity as done below, is proved for stratified pseudomanifolds of
depth 1.
• Suppose now that the theorem holds for all stratified pseudomani-
folds of depth < l and depth(X) = l. Then depth(LY ) ≤ l − 1 and
let bn(y, r, z) = bn(z) be a (k, p)−cut-off for LY . As we can see from
Proposition 3.2, for n ∈ N, j = 1, . . . , k : |g
(j)
n |∞ ≤ Cn,j < ∞. Set
Cn = maxj=1,...,k Cn,j. Thus w.l.o.g. we can choose bn in such a way,
that for j = 1, . . . , k we have
‖
(
∇LY
)(j)
bn‖p ≤
1
nCn
.
We then set χn = gnbn and easily see that
– 0 ≤ χn ≤ 1.
– For every K ⊂⊂ reg(VY × C(LY )), ∃ n0 such that ∀n ≥ n0 we
have χn|K = 1.
For j = 1, . . . , k, we have
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‖∇jχn‖Lp(U) = ‖∇
j(gnbn)‖Lp(U)
≤
j∑
a=0
Ca‖∇
j−agn∇
abn‖Lp(U).
Since k = 1, 2 we have to check the cases j = 1, 2. For j = 1,
we obtain the terms ‖∇(gn)bn‖, ‖gn∇(bn)‖, and for j = 2 the terms
‖∇2(gn)bn‖, ‖∇(gn) ⊗ ∇(bn)‖, ‖gn∇
2(bn)‖. By looking at Lemma
3.2, we see that each of these terms is bounded by terms of the form
‖
g(α)(r)
r2−α
(∇LY )βbn(z)‖Lp ,
where α, β ∈ {0, 1, 2} with 1 ≤ α + β ≤ 2. If β = 0 the term is
bounded by
(
vol(VY ) vol(LY )
∫ 3
2n
1
n
nαprm−i−1−(2−α)pdr
)1/p
→ 0 as n→∞,
since m− i > 2p. If β > 0, then the term is bounded by
vol(VY )
1/p|g(α)n |∞
( ∫ 2
0
rm−i−1−(2−α)pdr
)1/p
‖
(
∇LY
)β
bn‖Lp(LY ) → 0
as n→∞, since m− i > 2p ≥ (2− α)p, and g
(α)
n ≤ Cn.
Thus, {χn} = {gnbn} is a sequence of (k, p)−cut-offs in the neighborhood
U = VY × C(LY ). Finally, the sequence of functions {χ˜n} defined by
χ˜n =
∑
i
ρiχn,Ui + ρint,
is a sequence of (k, p)−cut-offs. In order to see this, we take 1 ≤ j ≤ k and
we calculate:
‖∇jχ˜n‖Lp ≤‖
∑
i
∇j(ρi)χn,Ui +∇
jρint‖Lp
+‖
∑
i, a+β≤j, β>0
Ca,β∇
a(ρi)∇
β(χn,Ui)‖Lp .
In view of Proposition 3.1, the first term converges locally uniformly to 0
as n→∞ and it is bounded since
∑
i∇
j(ρi)χn,Ui +∇
jρint is bounded and
Lp-integrable. Thus by Lebesgue’s theorem we conclude that it converges
to 0. For the second term, we use that χn,Ui is a (k, p)−cut-off, and that
∇aρi is bounded, thus it also converges to 0. 
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3.1. A Density Theorem for W 1,p(X). Now, by using the construction
of the weak cut-off functions, we are able to prove a density result about the
Sobolev spaces W 1,p(reg(X)). Before stating the precise result we prove the
following intermediate proposition:
Proposition 3.3. Let (M,g) be a Riemannian manifold and p ∈ [1,∞).
Then the space {u ∈ W 1,p(M) : ‖u‖∞ < ∞} is dense in W
1,p(M) in the
‖ · ‖W 1,p-norm.
Proof. Let u ∈ W 1,p(M). By Proposition 2.1 we can assume that u ∈
C∞(M). Then, let an → ∞ be regular values of u and define un =
max(−an,min(u, an)). Then un ∈ W
1,p(M) and it is easily seen that
‖un − u‖W 1,p → 0 as n→∞. 
Therefore, we have the following Theorem:
Theorem 3.2. Let X be a compact stratified pseudomanifold of dimension
m, endowed with an iterated edge metric on reg(X). Suppose that for every
singular stratum Y of X we have the condition
codim(Y ) = m− i > p, where i = dim(Y ).(3)
Then,
W 1,p(reg(X)) =W 1,p0 (reg(X)).
Proof. The inclusion W 1,p0 (reg(X)) ⊆ W
1,p(reg(X)) is obvious. For the
converse, let u ∈W 1,p(reg(X)). In virtue of Proposition 3.3, we can assume
that u ∈ L∞(X)∩W 1,p(reg(X)). Since m− i ≥ p, we obtain from Theorem
3.1, a sequence {χn} of (1, p)−cut-offs. We set un = χnu and we calculate:
‖u− un‖W 1,p = ‖u− un‖Lp + ‖∇(u)− χn∇(u)−∇(χn)u‖Lp
≤ ‖u− un‖Lp + ‖∇(u)− χn∇(u)‖Lp + ‖∇(χn)u‖Lp .
The first two terms converge to 0 by Lebesgue’s Theorem, and the last term
is bounded by ‖∇(χn)‖Lp · ‖u‖L∞ → 0 as n → ∞ since χn is a (1, p)−cut-
off and u is bounded. We see that un ∈ W
1,p(reg(X)) and has compact
support in reg(X). Therefore approximating with functions in C∞c (reg(X))
(for example by mollifying) concludes the proof. 
4. A Hardy Inequality
In this section, we prove a Hardy-type inequality for simple edge spaces.
Hardy inequality playes a crucial role in proving the validity of the Sobolev
embedding which we will show in the next section. We begin, by proving a
weighted Hardy inequality on the real half-line. More precisely, we have:
Proposition 4.1. Let p ≥ 1, f ∈ N with p 6= f + 1. Then for every
u ∈ C∞c ((0,+∞)) we have∫ ∞
0
|u(r)|p
rp
rfdr ≤
∣∣∣∣ pf + 1− p
∣∣∣∣
p ∫ ∞
0
|∂ru|
prfdr.(4)
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Proof. We have
∫ ∞
0
|u|p
rp
rfdr =
∫ ∞
0
|u|p
(rf+1−p)′
f + 1− p
dr
= −
p
f + 1− p
∫ ∞
0
|u|p−1sgn(u)(∂ru)r
f+1−pdr
≤
∣∣∣∣ pf + 1− p
∣∣∣∣
∫ ∞
0
|u|p−1|∂ru|r
f+1−pdr.
For p = 1 the statement has been proved. For p > 1 we split rf+1−p =
r
f(p−1)
p
+(1−p) · r
f
p and apply Ho¨lder Inequality with p−1p +
1
p = 1. Then we
obtain
∫ ∞
0
|u|p
rp
rfdr ≤
p
|f + 1− p|
(∫ ∞
0
|u|p
rp
rfdr
)1− 1
p
(∫ ∞
0
|∂ru|
prfdr
) 1
p
.
Taking powers of p finishes the proof. 
Using the above proposition, we easily obtain a Hardy-type inequality for
model simple edge spaces. More precisely we have
Proposition 4.2. Let (L, gL), (Y, h) be manifolds of dimension f, d respec-
tively, 1 ≤ p < ∞ with p 6= f + 1 and let Y × C(L) = Y × (0,+∞) × L
with metric g0 = h + dr
2 + r2gL, where gL : Y × L → T
∗L ⊗ T ∗L is a
smooth tensor that restricts to a Riemannian metric on each y ∈ Y . Then
for u ∈ C∞c (Y × C(L)) one has∫
Y×C(L)
|u|p
rp
dvolg0 ≤
∣∣∣∣ pf + 1− p
∣∣∣∣
p ∫
Y×C(L)
|∇g0u|pdvolg0 .
Proof. The volume form on Y ×C(L) is rfdrdvolhdvolgL and for simplicity
we denote it by rfdrdydz. Thus, we have
∫
Y×C(L)
|u(r, y, z)|p
rp
rfdrdydz =
∫
L
∫
Y
∫ ∞
0
|u(r, y, z)|p
rp
rfdrdydz
≤
∣∣∣∣ pf + 1− p
∣∣∣∣
p ∫
L
∫
Y
∫ ∞
0
|∂ru(r, y, z)|
prfdrdydz
≤
∣∣∣∣ pf + 1− p
∣∣∣∣
p ∫
L
∫
Y
∫ ∞
0
|∇g0u(r, y, z)|prfdrdydz
=
∣∣∣∣ pf + 1− p
∣∣∣∣
p ∫
L
∫
Y
∫ ∞
0
|∇g0u(r, y, z)|pdvolg0 .
where in the first inequality we applied Proposition 4.1 and in the second
inequality the fact that |∂ru|
p ≤ |∇g0u|p =
(
|∂ru|
2+ |∇
gLu|2
r2
+|∇hu|2
)p/2
. 
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5. Geometry of Simple Edge Spaces
In this section, we explore in more detail the geometry of simple edge
spaces. As we will see, we can choose a finite cover of any singular stratum
Y of X, such that on the regular part near Y , an iterated edge metric is
equivalent to the Euclidean. We will use this in the next section in order
to obtain a Sobolev inequality on simple edge spaces. We first begin with a
Lemma:
Lemma 5.1. Let (L, gL) be a compact manifold without boundary, with
dim(L) = n. Then, for every ε > 0, there exists a finite cover of L by
charts (Ui, φi), such that each Ui can be embedded into S
n, through a map
fi : Ui → f(Ui) ⊆ S
n, and on Ui we have
(1− ε)f∗i (gSn) ≤ gL ≤ (1 + ε)f
∗
i (gSn)(5)
as bilinear forms, and where Sn is the standard n-sphere.
Proof. Let 1 > ε > 0, p ∈ L and let (Up, φ) to be normal coordinates around
p. We denote them by x1(p), . . . , xn(p). By shrinking U , we can assume that
φ : U → B(0, δ) is a diffeomorphism for each 1 > δ > 0. If v =
∑
i ai∂xi in
local coordinates, then we have that
(1− ε)
∑
i
a2i ≤ gL(v, v) ≤ (1 + ε)
∑
i
a2i .(6)
Since δ > 0 is arbitrary, we can assume that δ < 1. Then we consider the
map f : B(0, δ)→ Sn which is defined by
f(x1, . . . , xn) = (x1, . . . , xn,
√
1− (x21 + · · ·+ x
2
n)).
Denote by ∂Lxi , ∂
Sn
xi the vectors fields with regard to these two maps in L
and Sn respectively. Then these are related by f∗(φ∗(∂
L
xi)) = ∂
Sn
xi . A simple
computation shows that
gSn(∂
Sn
xi , ∂
Sn
xj ) = δij +
xixj
(1− (x21 + · · ·+ x
2
n))
,(7)
since gSn = i
∗(gRn+1). By taking v =
∑
i ai∂
Sn
xi and making δ > 0 small
enough, by unfolding definitions and using (7) we obtain that
(1− ε)
∑
i
a2i ≤ gSn(v, v) ≤ (1 + ε)
∑
i
a2i .(8)
Combining (6) and (8) and setting fi = f ◦ φ, we obtain that
(1− ε)f∗i (gSn) ≤ gL ≤ (1 + ε)f
∗
i (gSn).
Since L is compact, we can find a finite cover of L by (Ui, φi) that each
embeds into Sn through an fi and that concludes the proof. 
Lemma 5.2. Let (L, gL) be a compact manifold with dim(L) = n − 1 and
for a > 0 consider the straight cone of L, i.e. the manifold Ca(L) =
(
(0, a)×
L, dr2 + r2gL
)
. Then, for every ε > 0, there exists a finite cover of Ca(L)
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with charts (Vi, ψi) such that each Vi embeds into R
n through fi and on each
Vi we have
(1− ε)f∗i (δkl) ≤ dr
2 + r2gL ≤ (1 + ε)f
∗
i (δkl),
as bilinear forms, and where δkl stands for the Euclidean metric gRn(∂xk , ∂xl).
Proof. Take 1 > ε > 0. By Lemma 5.1 we obtain a finite cover of L by
(Ui, φi) such that each Ui embeds to S
n through an f˜i. This yields the cover
(Vi, ψi) for Ca(L) which is defined by Vi = Ca(Ui), ψi = (id, φi). Then
by defining Fi = (id, f˜i) we see that Ca(Ui) embeds into Ca(S
n) which we
identify with B(0, a) \ {0} ⊆ Rn through polar coordinates λ : Ca(S
n) →
B(0, a) \ {0}. By setting fi = λ ◦ Fi, we obtain that
(1− ε)f∗i (δkl) ≤ dr
2 + r2gL ≤ (1 + ε)f
∗
i (δkl),
and that concludes the proof. 
Lemma 5.3. Let (Y, h) be a compact Riemannian manifold without bound-
ary with dim(Y ) = b, and L be a compact manifold with dim(L) = n. Let,
gL : Y × L→ T
∗L× T ∗L, be a smooth tensor, such that for every y ∈ Y , it
restricts to a Riemannian metric on L. Then, for every ε > 0 there exists a
finite covering with charts
(
Wi, ψi
)
, of
(
Y × (0, a) × L, h+ dr2 + r2gL
)
,
such that each Wi embeds into R
1+b+n through a map fi : Wi → fi(Wi) ⊆
R
1+b+n and on Wi we have
(1− ε)f∗i (δkl) ≤ h+ dr
2 + r2gL ≤ (1 + ε)f
∗
i (δkl),
as bilinear forms, where δkl stands for the Euclidean metric gR1+b+n(∂xk , ∂xl).
Proof. Let ε > 0 and fix y0 ∈ Y . Since L is compact, by Lemma 5.2, we can
find a finite cover
(
Ui, φi
)
of L, such on Ui we have
(1− ε)δkl ≤ gL,y0 ≤ (1 + ε)δkl(9)
as bilinear forms, where δkl stands for the Euclidean metric. Let now y ∈
Vy0 ⊆ Y , Vy0 open and let v ∈ TUiL with v =
∑
k ai
∂
∂xi
, where x1, · · · , xn are
the coordinates on φi(Ui). Then we have gL,y(v, v) = gL,y0(v, v)+gL,y(v, v)−
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gL,y0(v, v). We estimate
|gL,y(v, v) − gL,y0(v, v)| = |
∑
k,l
(
gL,ykl − gL,y0kl
)
akal|
≤
∑
k,l
|
(
gL,ykl − gL,y0kl
)
|
a2k + a
2
l
2
≤
ε
2n
∑
k,l
(
a2k + a
2
l
)
=
ε
2n
2n|v|2 = ε
∑
k
a2k.(10)
for y ∈ V ′y0 ⊆ Vy0 , since gL : Y × L→ T
∗L⊗ T ∗L is a smooth tensor. Now,
we are in position to apply Lemma 5.1 and Lemma 5.2 on the family gL,y,
with y ∈ V ′y0 . Then, we obtain that Ca(Ui) embeds into Ca(S
n) through Fi,
which is diffeomorphic to B(0, a) \ {0} under polar coordinates λ, and that
for y ∈ V ′y0 , v ∈ TUi , we have
(1− 2ε)(λ ◦ Fi)
∗(δkl) ≤ dr
2 + r2gL,y ≤ (1 + 2ε)(λ ◦ Fi)
∗(δkl)
as bilinear forms, where δkl stands for the Euclidean metric. Then, by taking
a possibly smaller neighborhood V ′′y0 of y0 ∈ Y , and normal coordinates φy0
at y0, we obtain that
(1− ε)δkl ≤ h ≤ (1 + ε)δkl.
as bilinear forms. Then by taking the charts
(
V ′′y0×Ui,y0 , φy0×φi
)Ny0
i=1
we see
that V ′′y0 ×Ca(Ui,y0) embeds to φy0(V
′′
y0)× (B(0, a) \ {0}) ⊆ R
1+b+n through
fi := φy0 × (λ ◦ Fi) and on V
′′
y0 × Ca(Ui,y0)
(1− ε)f∗i (δkl) ≤ h+ dr
2 + r2gL ≤ (1 + ε)f
∗
i (δkl)
as bilinear forms. Since Y is compact, if we repeat the above procedure for
each y ∈ Y , we can find a finite family
{Vyj × Ui,j, φyj × fi,j}j=1,··· ,N, i=1,···Nj .
such that on each cover Vyi × Ui,j we have
(1− ε)f∗i,j(δkl) ≤ h+ dr
2 + r2gL ≤ (1 + ε)f
∗
i,j(δkl)
as bilinear forms, where δkl stands for the Euclidean metric. That concludes
the proof. 
On a simple edge space, the metric has the form
g = g0 + k,(11)
where |k|g0 = O(r
γ) for γ > 0, r the radial variable of the cone, and g0 =
h+ dr2 + r2gL. Since g and g0 are quasi isometric, Lemma 5.3 applies to g,
but not necessarily with constants 1− ε, 1+ ε. In order to obtain constants
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like these, one should restrict to small neighborhoods around the singular
strata.
Now let X be a compact simple edge space. For simplicity we assume
that it has only one stratum Y of depth 1. (In the case where we have more
than one singular strata, we proceed in the same way). As a consequence,
there exists a neighborhood U ⊆ X, compact manifold L and a locally trivial
fibration
φ : U → Y × C2(L),
such that
(φ−1)∗(g)|U = g0 + k,
where g0 = h+ dr
2 + r2g and |k|g0 = O(r
γ) for some γ > 0. Since Y, L are
compact, one can find finite covers Uj , Vi(j),j respectively, and thus φ
−1
(
Uj×
C2(Vi,j)
)
is an open cover for U . According to the previous considerations
and Remark 2.2, one can choose this open cover such that each open set of
this cover embeds into Rm through an f and the metric there is equivalent
with the Euclidean, i.e.
1
4
f∗(δij) ≤ g ≤ 4f
∗(δij).(12)
From now on, whenever we refer to this cover, we will just write Uj×C2(Vi)
instead of Uj × C2(Vi(j),j). Since X is compact, on then can find a finite
cover Mλ such that X \ U ⊆
⋃
λMλ. Moreover, one can choose this cover
so that (12) holds. Define now the projection
π : Y × C2(L)→ Y × L,
π(y, r, z) = (y, z).
(13)
Then if χi, ψj are partitions of unity associated to the cover Ui, Vj re-
spectively, then π∗(χiψj) is a partition of unity, associated with the cover
Ui ×C2(Vj). For simplicity, we set ρij(y, r, z) = π
∗
(
χi(y)ψj(z)
)
. An impor-
tant observation is that for u ∈ C∞(Ui × C2(Vj)) we have
|∇g0u|2 = |∂ru|
2 +
|∇gLu|2
r2
+ |∇hu|2,
and thus, for ρij we have the bound
|∇g0ρij | ≤
C
r
.(14)
Remark 5.1. A novel difference between the partitions of unity ρij we con-
sidered here, and the partitions of unity we considered in Proposition 3.1 is
that the former are not bounded. The reason why this happens is that we
defined them in open subsets Vj ⊆ L. But the partitions of unity in Propo-
sition 3.1 are independent of the z-variable, for z ∈ L, therefore they are
bounded.
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6. Functional Inequalities on Simple Edge
Spaces
This, together with the next section constitute the core part of the man-
uscript. Here we are establishing functional inequalities on compact simple
edge spaces. To do so, we heavily rely on the identification of the singular
neighborhood near a singular stratum with the Euclidean as shown in sec-
tion 5. We note here that in our case the differential of the partitions of
unity are not bounded. For this reason we frequently employ the version
of Hardy inequality which we proved before (see Proposition 4.2). In the
following part, C will denote a generic constant that may vary from line to
line.
To begin with, we note that the Sobolev inequality holds in this context:
Proposition 6.1. (Sobolev Embedding) Suppose X is a compact simple edge
space of dimension m > 1. Then, there exists A, B > 0 such that for all
u ∈ C∞c (reg(X)) we have
( ∫
X
|u|
m
m−1 dvolg
)m−1
m ≤ A
∫
X
|∇u|dvolg +B
∫
X
|u|dvolg .(15)
Proof. We show the proof in the case where we have only one singular stra-
tum Y ⊆ U . In the case where we have more, we can apply the same
procedure in every stratum. Take φ1 : reg(X) → [0, 1], with supp(φ1) ⊆ U
and φ1 = 1 for r ≤ 1, φ1 = 0 for r ≥ 3/2. Set φ2 = 1− φ1. Then we have
‖u‖ m
m−1
≤ ‖φ1u‖ m
m−1
+ ‖φ2u‖ m
m−1
.(16)
Concerning φ1u we have
‖φ1u‖ m
m−1
= ‖
∑
ij
ρijφ1u‖ m
m−1
≤
∑
ij
‖ρijφ1u‖ m
m−1
.
Recall, that each neighborhood Uij = Vi×C2(Uj) can be embedded through
an embedding f by Lemma 5.3 to Rb × C2(S
n) which we identify with a
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subset of Rm through cylindrical coordinates λ. Therefore we obtain
‖ρijφ1u‖ m
m−1
=
(∫
Vi×C2(Uj)
|ρijφ1u|
m
m−1 dvol(g0)
)m−1
m
≤
(
C
∫
Vi×C2(Uj)
|ρijφ1u|
m
m−1 (λ ◦ f)∗(dx)
)m−1
m
=
(
C
∫
(λ◦f)(Vi×C2(Uj))
|(ρijφ1u) ◦ (λ ◦ f)
−1|
m
m−1 dx
)m−1
m
≤ C
∫
(λ◦f)(Vi×C2(Uj))
|∇(ρijφ1u) ◦ (λ ◦ f)
−1|dx
= C
∫
Vi×C2(Uj)
|∇(ρijφ1u)|(λ ◦ f)
∗(dx)
≤ C
∫
Vi×C2(Uj)
|∇(ρijφ1u)|dvol(g0),
where on the first and the third inequality we used Lemma 5.3 and on the
second inequality the Sobolev inequality on Rm with m = 1 + b + n, since
(λ ◦ f)(Vi×C2(Uj)) ⊆ R
m. By (14) and Proposition 4.2, we obtain that the
former is bounded by
C1
∫
Ui×C2(Vj)
|∇(φ1u)|dvolg0 ≤ C1
∫
X
|∇u|dvolg0 +C2
∫
X
|u|dvolg0 .(17)
Concerning φ2u one procceeds exactly as above with respect to a cover of
X \U . The difference is that the partitions of unity are uniformly bounded,
thus combining it with (17) one obtains the required result. 
By classical means (see [15] Lemma 3.1), one also obtains that for 1 ≤
p < m,
W 1,p0 (X) →֒ L
mp
m−p (X)(18)
continuously. Furthermore, by using Theorem 3.2, we obtain that if 1 ≤ p <
m− dim(Y ) for every singular stratum Y of X and p < m, then
W 1,p(X) =W 1,p0 (X) →֒ L
mp
m−p (X).
Remark 6.1. The Sobolev inequality with exponent p = 2 holds in the
more general case of compact stratified pseudomanifolds. For a proof, using
different methods, see [1], [19].
Moreover in this setting, the classical Rellich-Kondrachov theorem is true.
Proposition 6.2. Let X be a compact simple edge space of dimension m >
1, and let p, q satisfy 1 ≤ p < m, p 6= m−dim(Y ) for every singular stratum
Y of X, and q < p∗ = mpm−p . Then the embedding
W 1,p0 (X) →֒ L
q(X)
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is compact.
Proof. Let {un}n∈N ⊆W
1,p
0 (X) such that
‖un‖W 1,p0
≤M <∞.
Since un ∈W
1,p
0 , there exists u˜n ∈ C
∞
c (reg(X)) such that ‖un−u˜n‖W 1,p <
1
n .
Notice that ‖u˜n‖W 1,p ≤M +1. If we find a convergent subsequence of {u˜n}
that converges to v ∈ Lq, which we denote again by u˜n, then un → v in L
q,
because ‖un − v‖Lq ≤ ‖un − u˜n‖Lq + ‖u˜n − v‖Lq . Notice that the second
terms converges to 0, and for the first term we have
‖un − u˜n‖Lq ≤ C‖un − u˜n‖Lp∗
≤ C‖un − u˜n‖W 1,p
≤
C
n
→ 0.
Therefore, we can assume that {un} ⊆ C
∞
c (reg(X)). As before, we can find
covers Ui×C2(Vj) of ∪Y ∈sing(X)Y , such that each cover is embedded though
an embedding f into Rb × C2(S
n) which we identify with a subset of Rm
through λ. Then, as in the proof of Proposition 6.1 we have
‖(ρijφ1un) ◦ (λ ◦ f)
−1‖p
W 1,p
B(0,1)
=
∫
B(0,1)
|∇(ρijφ1un) ◦ (λ ◦ f)
−1|pdx+
∫
B(0,1)
|(ρijφ1un) ◦ (λ ◦ f)
−1|pdx
≤ C
(∫
(λ◦f)−1(B(0,1))
|∇(ρijφ1un)|
pdvolg0 +
∫
(λ◦f)−1(B(0,1))
|(ρijφ1un)|
pdvolg0
)
≤ C
(∫
(λ◦f)−1(B(0,1))
|
φ1un
r
|pdvolg0 + ‖φ1un‖
p
W 1,p(X)
)
≤ C‖un‖
p
W 1,p(X)
≤ C(M + 1),
where on the first inequality we used Lemma 5.3, on the second we used
that |∇(ρij) ≤
C
r and on the last we used Hardy inequality, i.e. Proposition
4.2. Then by Rellich-Kondrachov theorem, for q < mpm−p , in each cover
(λ ◦ f)(Ui × C2(Vj)) ⊆ B(0, 1) we find a convergent subsequence of un in
Lq. For the interior part we apply the classical Rellich-Kondrachov theorem
and thus, after passing to a subsequence we obtain the desired result. 
Remark 6.2. See also Theorem 6.1 in [3]
Remark 6.3. We can utilize Theorem 3.2 again. Under the hypotheses of
Proposition 6.2 and by assuming furthermore that 1 ≤ p < m− dim(Y ) for
every singular stratum Y of X, we obtain that for 1 ≤ q < p∗, the embedding
W 1,p(X) =W 1,p0 (X) →֒ L
q(X)
is compact.
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From now on, we assume that we have the condition 1 ≤ p < m−dim(Y )
for every singular stratum Y of X. So, there is no distinction between
W 1,p(X) and W 1,p0 (X). With this condition, by using Proposition 6.2 and
the fact that a compact simple edge space has finite volume, one can prove
the following version of Poincare´ Inequality
Proposition 6.3. (Poincare´ Inequality) Let X be a connected, compact
simple edge space of dimension m > 1 and let 1 ≤ p < m, p < m− dim(Y )
for every singular stratum Y of X. Then there exists a constant C > 0 such
that for u ∈W 1,p(X) we have
‖u− uX‖p ≤ C‖∇u‖p,(19)
where uX =
1
vol(X)
∫
X u(x)dvolg.
Proof. Suppose that (19) is not true. Then, for every k ∈ N there exists
uk ∈W
1,p(X) such that
‖uk − (uk)X‖p > k‖∇uk‖p.
Set vk =
uk−(uk)X
‖uk−(uk)X‖p
∈W 1,p(X). Then by hypothesis we have that
‖∇vk‖p <
1
k
, ‖vk‖p = 1.
Since ‖vk‖W 1,p is uniformly bounded, we can apply Proposition 6.2 and
obtain a subsequence, which we denote again by vk, that converges strongly
in Lp(X), since p < p∗. Thus there exists v ∈ Lp(X) such that vk → v
strongly in Lp(X). Then we have that ‖v‖p = 1, vX = 0 and ‖∇vk‖p → 0.
Pairing v against a test function φ ∈ C∞c (X) gives
−
∫
X
v∇φ = − lim
k→∞
∫
X
vk∇φ
= lim
k→∞
∫
X
∇vkφ
= 0.
That is ∇v = 0, thus v is constant and since vX = 0 then it is 0, which is a
contradiction. 
Using the Sobolev Embedding, one can prove a stronger version of Poincare´
inequality, namely the Sobolev-Poincare´ inequality:
Proposition 6.4. (Sobolev-Poincare´ Inequality) Let X be a connected, com-
pact simple edge space of dimension m > 1 and let 1 ≤ p < m, p <
m−dim(Y ) for every singular stratum Y of X. Then there exists a constant
C > 0 such that for u ∈W 1,p(X) we have
‖u− uX‖p∗ ≤ C‖∇u‖p,(20)
where uX =
1
vol(X)
∫
X u(x)dvolg.
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Proof. The proof is a combination of Sobolev Embedding (18) and Poincare´
Inequality. For details, see [15] Proposition 3.9. 
7. Optimization of Constants
In this section we are focusing on obtaining optimal constants of Sobolev
inequalities. In order to do so, we use the cut-off functions introduced in
section 3. We obtain optimal results concerning the constants of the Lp
norms of the functions in the embeddings W 2,p0 →֒ W
1,p∗
0 and W
1,p
0 →֒ L
p∗.
To be more precise, in the previous section we proved the Sobolev embedding
on a compact simple edge space X, i.e.
(Ip) ‖u‖p∗ ≤ A‖∇u‖p +B‖u‖p
with u ∈W 1,p0 (X) and 1 ≤ p < dim(X) = m.
7.1. The Embedding W 1,p0 →֒ L
p∗. The construction of (1, p)−cut-off
functions allow us to prove some optimal results concerning the constant
B > 0. To be more precise, we set
Bp(X) = inf{B > 0 : such that ∃ A > 0 such that (Ip) holds}.
Two questions that are of interest are
• Compute Bp(X).
• Does there exist an A > 0 such that (Ip) holds with B = Bp(X)?
This questions are part of the so called AB-programm, which consists of
finding the optimal constants for various functional inequalities, such as the
Sobolev inequality and Sobolev-Poincare´ inequality (for more details, see [15]
and [9]). In this section we answer these questions in the case of compact
simple edge spaces with the condition 1 ≤ p < m−dim(Y ) for every singular
stratum Y of X. For this reason, we can apply Theorem 3.1. The condition
1 ≤ p < m − dim(Y ) for every singular stratum Y of X, guarantees the
existence of a sequence of cut-off functions {χn}n∈N ⊆ C
∞
c (reg(X)) such
that
• 0 ≤ χn ≤ 1.
• ∀ compact K ⊆ reg(X), ∃ n0 ∈ N such that ∀ n ≥ n0 we have
χn|K = 1.
•
∫
X |∇χn|
pdvg → 0.
Now, plug χn in (Ip). Since vol(X) <∞, using the properties of these cut-
offs and Lebesgue’s dominated convergence theorem, we obtain by taking
n→∞
vol(X)
1
p∗ ≤ B vol(X)
1
p ,
which gives a lower bound for B, i.e.
B ≥ vol(X)−
1
m .(21)
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This gives that ∀ p with 1 ≤ p ≤ m−dim(Y ) for every singular stratum Y of
X, we have vol(X)−
1
m ≤ Bp(X). Now using a Sobolev-Poincare´ inequality
and the fact that vol(X) <∞, one can see that Bp(X) is attainable. More
precisely, by Sobolev-Poincare´ we have that for 1 ≤ p < m, p < m−dim(Y )
for every singular stratum Y of X, there exists C > 0 such that
‖u− uX‖p∗ ≤ C‖∇u‖p,
for u ∈W 1,p0 (X). Using triangle inequality we obtain that
‖u‖p∗ ≤ C‖∇u‖p + ‖uX‖p∗
≤ C‖∇u‖p + vol(X)
1
p∗
−1
∫
X
|u|
≤ C‖∇u‖p + vol(X)
1
p∗
−1‖u‖p vol(X)
1− 1
p
= C‖∇u‖p + vol(X)
− 1
m ‖u‖p.
Combining this with the lower bound (21) we obtain the following Theorem.
Theorem 7.1. Let X be a connected, compact simple edge space of dimen-
sion m > 1. Then if 1 ≤ p < m − dim(Y ) for every singular stratum Y of
X, there exists A > 0 such that for every u ∈W 1,p(X) we have
(Ip,Bopt) ‖u‖p∗ ≤ A‖∇u‖p + vol(X)
− 1
m‖u‖p.
Moreover, the constant vol(X)−
1
m is optimal, in the sense that if there exists
a B > 0 such that (Ip) holds with B, then B ≥ vol(X)
− 1
m .
7.2. The Embedding W 2,p0 →֒ W
1,p∗
0 . Now we focus on the embedding
W 2,p →֒ W 1,p
∗
. Recall, that this embedding is obtained by the embedding
W 1,p →֒ Lp
∗
and the Kato inequality
|∇|∇ku|| ≤ |∇k+1u|,
for u ∈ C∞(reg(X)). Therefore we obtain positive constants A,B,C > 0,
such that for every u ∈ C∞c (reg(X)) we have:
‖∇u‖Lp∗ + ‖u‖Lp∗ ≤ A‖∇
2u‖Lp +B‖∇u‖Lp + C‖u‖Lp .(22)
with 1 ≤ p < m. Now, by Theorem 3.1, the condition 2p∗ < m−dim(Y ) for
every singular stratum Y , implies the existence of (2, p∗)−cut-offs. Notice
now by using Ho¨lder inequality and vol(X) <∞, that if we have a sequence
{χn}n∈N of (2, p
∗)−cut-offs, then this is a sequence of (1, q) and (2, q)−cut-
offs, for q ≤ p∗. Thus, by plugging it in (22) and letting n→∞, we obtain
C ≥ vol(X)−
1
m .
Similarly as before, we apply (20) and Kato inequality on the function v =
|∇u|, since v ∈ W 1,p and 1 ≤ p < p∗ < m − dim(Y ) for every singular
stratum Y of X and we obtain
‖|∇u| − |∇u|X‖p∗ ≤ C‖∇
2u‖p.
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On the other hand we have
‖|∇u|X‖p∗ = vol(X)
1
p∗
−1
∫
|∇u|
≤ vol(X)
1
p∗
−1‖∇u‖p vol(X)
1− 1
p
= vol(X)−
1
m‖∇u‖p.
Finally, we use Theorem 7.1 and by adding the inequalities we obtain
‖∇u‖p∗ + ‖u‖p∗ ≤ C‖∇
2u‖p + (A+ vol(X)
− 1
m )‖∇u‖p + vol(X)
− 1
m‖u‖p.
Therefore, we have the following
Theorem 7.2. Let X be a connected, compact simple edge space of dimen-
sion m > 1. Then if p ∈ [1,∞), with 1 ≤ 2p∗ < m − dim(Y ) for every
singular stratum Y of X, then there exists A,B > 0 such that
(Ip,2,Opt) ‖∇u‖p∗ + ‖u‖p∗ ≤ A‖∇
2u‖p +B‖∇u‖p + vol(X)
− 1
m ‖u‖p.
Moreover, the constant vol(X)−
1
m is optimal, in the sense that if there exists
a C > 0 such that (22) holds with C > 0, then C ≥ vol(X)−
1
m .
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